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Twisting by a torsor
MICHEL EMSALEM
Abstract. Twisting by a G-torsor an object endowed with an action of a group G is a clas-
sical tool. For instance one finds in the paragraph 5.3 of the book [16] the description of the
”ope´ration de torsion” in a particular context. The aim of this note is to give a formalization
of this twisting operation as general as possible in the algebraic geometric framework and to
present a few applications. We will focus in particular to the application to the problem of
specialization of covers addressed by P. De`bes and al. in a series of papers.
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1. Introduction
Twisting by a G-torsor an object endowed with an action of G is a classical tool. For instance
one finds in the paragraph 5.3 of the book [16] the description of the ”ope´ration de torsion”
in a particular context. We refer to [3] for a formulation in a topological framework. The aim
of this note is to give a formalization of this twisting operation as general as possible in the
algebraic geometric framework and to present a few applications. We will focus in particular
to the application to the problem of specialization of covers addressed by P. De`bes and al. in a
series of papers, which was one of the motivations for writing these notes.
Date: August 13, 2015.
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We begin with a section on torsors where we recall classical properties and operations on
torsors. It is the opportunity to set the notations. In section 3 we define the twisting operation
by a torsor using the cocycle description of a torsor. We state the main properties of this
twisting operation in paragraph 4 and recall some classical examples. Paragraph 5 is devoted
to the study of the particular case where the twisted objects are themselves torsors. This will
lead to the situation we study extensively in the next paragraphs where we consider (ramified)
Galois covers that we twist with what we call arithmetic torsors. The aim is to provide a test to
know wether there are specializations of the given Galois cover which are isomorphic as torsors
to some given arithmetic torsor.
2. Torsors
2.1. Left torsors and bitorsors. The aim of this section is to set notations in the description
of torsors by cocycles. Let S be a scheme, G → S a group scheme, X → S a S-scheme and
P → X a left G-torsor for some Grothedieck topology. Let (Ui)i∈I be a covering of X trivializing
the torsor P , and for any i a section si : Ui → P . The section si induces a trivialization
θi : Ui ×S G|Ui → P|Ui defined by θi(x, g) = gsi(x).
For i, j ∈ I, on the intersection Uij = Ui×SUj, one gets si|Uij = gijsj |Uij for some gij ∈ G(Uij)
and the commutative diagram
P|Uij Uij ×S G|Uij
θi|Uijoo
≃

Uij ×S G|Uij
θj |Uij
ee▲▲▲▲▲▲▲▲▲▲▲
where the vertical map is defined by (x, g) → (x, ggij) which is an isomorphism of trivial
torsors. The torsor P is obtained by gluing these trivial left torsors over the Uijs.
The gij clearly satisfy the cocycle condition on Uijk :
gijgjk = gik.
Let us describe the group H = ad(P ) of automorphisms of P : locally on each Ui via θi,
sections of H over Ui are right multiplication by some element gi ∈ G(Ui). If the gi are the
restriction to Ui of a global section of H, they will make the following diagrams commutatve :
g //

ggi

ggij // ggijgj = ggigij
.
One gets the relations
gi = gijgjg
−1
ij .
The X-group H is the inner form of G determined by the left G-torsor P ; H acts on the
right on P by the rule p.h = h−1(p) (p ∈ P, h ∈ H), and the actions of G and H commute. So
P can be viewd as a (G,H)-bitorsor.
The link between left action of G and right action of H can be described by isomorphisms
ui : H|Ui → G|Ui defined in the following way
∀h ∈ H|Ui sih = ui(h)si.
One easily checks that
∀h ∈ H|Uij ui(h) = gijuj(h)g
−1
ij .
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2.2. Contracted product. Let P be a (G,H)-bitorsor on X and Q a (H,K)-bitorsor on X
respectively described by (gij , ui) and (hij , vi), one defines the contracted product P ∧
H Q as
the quotient of P ×X Q moded by the relation (yh, z) = (y, hz), pour h ∈ H.
Lemma 2.1. In terms of cocycles the contracted product P∧HQ is described by (gijuj(hij), uivi).
Proof. Let (Ui)i∈I be a trivializing covering for the two torsors with sections si : Ui → P and
ti : Ui → Q; one denotes by (si, ti) : Ui → P ∧
H Q the corresponding section. On Uij , one gets
the equality
(si, ti) = (gijsj, hijtj) = (gijsjhij , tj) = (gijuj(hij)sj , tj) = gijuj(hij)(sj , tj).
The second formula is obvious. 
2.3. Right torsors. The same kind of description holds for a right H-torsor P . One defines
cocycles with values in H by si|Uij = sj |Uijhij , the hij ’s satisfying the cocycle condition
hik = hjkhij .
The group G is the group of automorphisms of the right H-torsor, a global section of G being
given by local sections hi ∈ H(Ui) satisfying
hi = h
−1
ij hjhij .
One has isomorphisms vi : G|Ui → H|Ui satisfying gsi = sivi(g) and over Uij ,
vi = h
−1
ij vjhij .
If (gij , ui) is the description of P as a left G-torsor, its description as right H-torsor is given
by (hij , u
−1
j ) where hij = u
−1
j (gij).
2.4. Inverse of a torsor. Let P be a (G,H)-bitorsor. It is endowed with a right action of G
and a left action of H defined by the formulas
y ⋆ g = g−1y and h ⋆ y = yh−1.
Through these actions P is a (H,G)-bitorseur that one denotes by P 0.
With the preceding notation, local sections si : Ui → P , and left cocycle gij with values in
G (resp. right cocycle hij with values in H ) describing P as a left G-torsor (resp. as a right
H-torsor) defined by the formulas
si = gijsj = sj ⋆ g
−1
ij and si = sjhij = h
−1
ij ⋆ sj.
Let us denote as before ui : H|Ui → G|Ui the isomorphism given by sih = ui(h)si. The
description of P 0 in terms of cocycles is given by (g0ij , u
0
i ), where g
0
ij = h
−1
ij = u
−1
j (g
−1
ij ) and
u0i (g) = u
−1
i (g).
Lemma 2.1 shows that P 0 is an inverse of P for the contracted product.
It is easy to check the following property.
Lemma 2.2. With the notation of Lemma 2.1, (P ∧H Q)0 ≃ Q0 ∧H P 0.
3. Torsion by a torsor
Suppose we are given a stack C → Schemas/S with Schemas/S endowed with fpqc-topology,
an affine S-group-scheme G locally of finite type anf faithfully flat. Consider the cate´gory CG(X)
with objects ξ of C(X) endowed with a morphism of sheaves ϕ : GX → Aut(ξ) ; a morphism
from (ξ, ϕ) to (ξ′, ϕ′) is a morphism f : ξ → ξ′ compatible with ϕ,ϕ′, which means that for any
morphism of S-schemes λ : T → X and for any g ∈ G(T ) the following diagram is commutative:
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λ⋆ξ
ϕ(g)

λ⋆f // λ⋆ξ′
ϕ′(g)

λ⋆ξ
λ⋆f // λ⋆ξ′
Theorem 3.1. (1) To any right torsor P → X under GX is associated a fonctor
ΦP : CG(X)→ C(X)
and for any object ξ of CG(X) an isomorphism of Aut(ξ)-torsors
IsomC(X)(ξ,Φ
P ξ)→ P ∧GX Aut(ξ)
where P ∧GX Aut(ξ) is the contracted product of P with Aut(ξ) over GX .
(2) The torsor P determines an inner form H de GX making P a (H,G)-bitorsor and Φ
P
induces an equivalence of categories CG(X) ≃ CH(X).
(3) If P is a (H,G)-bitorsor and Q a (K,H)-bitorsor, ΦQ ◦ ΦP ≃ ΦQ∧
HP .
(4) Conversely if ξ and ξ′ are locally isomorphic objects of C(X), then P = Isom(ξ, ξ′)
is a right torsor under the X-group Aut(ξ) and the twisted object ΦP (ξ) of ξ by P is
canonically isomorphic to ξ′.
Proof. (1) Let ui : Ui → X, i ∈ I be a trivializing covering of X for the right torsor P and
the corresponding cocycle gij ∈ G(Uij) and its image ϕ(gij) = g¯ij ∈ Aut(ξ|Uij ). The g¯ij ’s
define descent data for the family of objects u⋆i ξ and these descent data are effective. Thus
there exists an unique object Φ(ξ) over X endowed with isomorphisms θi : u
⋆
i ξ → u
⋆
iΦ(ξ)
making all diagrams commutative :
uij
⋆ξ
θi|Uij//
g¯ij

Φ(ξ)|Uij
uij
⋆ξ
θj |Uij
::✉✉✉✉✉✉✉✉✉
.
One checks that the object Φ(ξ) doesn’t depend on the trivializing covering neither on the
chosen representative gij .
Let f : (ξ1, ϕ1) → (ξ2, ϕ2) be a morphism between two objects of CG(X). For all i, j, the
following diagrams are commutative :
u∗i ξ1|Uij
f|Uij //
ϕ1(gij)

u∗i ξ2|Uij
ϕ2(gij)

u∗jξ1|Uij
f|Uij // u∗jξ2|Uij
which means that the Φ(f) = (f|Ui)i define a morphism Φ(ξ1) → Φ(ξ2). This defines a
functor Φ.
Let h¯ij be another cocycle with values in Aut(ξ) defining another object Φ
′(ξ). A morphism
λ : Φ′(ξ) → Φ(ξ) is the data of morphisms λi ∈ Hom(u
⋆
i ξ, u
⋆
i ξ) making the following
diagrams commutative:
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u⋆ijξ
h¯ij

λi|Uij // u⋆ijξ
g¯ij

u⋆ijξ
λj |Uij // u⋆ijξ
In particular if hij is the trivial cocycle, Φ
′(ξ) = ξ and the preceding diagrams resume to
λj |Uij ◦ λi
−1
|Uij
= g¯ij
which mean that the family (λi) is a section of the torsor P ∧
GX Aut(ξ), which corresponds
to the image g¯ij of the cocycle gij by the morphism ϕ.
This shows a one to one correspondence between section of P ∧GXAut(ξ) on X and sections
on X of Isom(ξ,Φξ). The same holds over any T → X, which proves the isomorphism of
sheaves IsomC(X)(ξ,Φ
P ξ)→ P ∧GX Aut(ξ).
(2) The inner form H de GX is obtained by gluing u
∗
iG with u
∗
jG over Uij by conjugation by
gij . The fact that H acts on Φ(ξ) where ξ is an object of CG(X) is more or less tautologic:
suppos that we are given a section (gi)i de H, which means sections gi ∈ G(Ui) satisfying
far all i, j
(∗) gj |Uij ◦ gij = gij ◦ gi|Uij
then we have the following commutative diagrams :
u∗i ξ|Uij
gi|Uij //
ϕ(gij)

u∗i ξ|Uij
ϕ(gij)

u∗jξ|Uij gj |Uij
// u∗jξ|Uij
which associates to the section of H an automorphism of Φ(ξ).
To check that for a morphism f : ξ1 → ξ2 in CG(X) its image Φ(f) commutes with the
action of H, one can check it locally on the Ui where it is obvious.
The fact that Φ is an equivalence is a consequence of point (3) which implies that ΦP
0
is
a quasi-inverse of ΦP .
(3) Point (3) is a consequence of the commutative diagram
ξ|Uij
g¯ij

θi // ΦP (ξ)|Uij
h¯ij

ωi // ΦQ(ΦP (ξ))|Uij
ξ|Uij
uj(hij)

θj
::✈✈✈✈✈✈✈✈✈
ΦP (ξ)|Uij
ωj
77♣♣♣♣♣♣♣♣♣♣♣
ξ|Uij
θj
::✉✉✉✉✉✉✉✉✉
and of Lemma 2.1 which gives the description by cocycles of the contracted product.
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(4) In the other direction the first assertion is obvious.
Let Ui be a covering of X with isomorphisms λi : u
⋆
i ξ → u
⋆
i ξ
′. The cocycle defining the
torsor P = Isom(ξ, ξ′) is g¯ij = λj
−1
|Uij
◦ λi|Uij . The following diagrams are commutative
u⋆ijξ
g¯ij

λi|Uij // u⋆ijξ
Id

u⋆ijξ
λj |Uij // u⋆ijξ
which proves that ξ′ is obtained from ξ by the descent data g¯ij , In other words ξ
′ = ΦP (ξ).

Remark 3.2. From the proof one clearly gets that if P the trivial torsor in point (2) H ≃ G and
the equivalence of category ΦP is the identity of CG(X).
Remark 3.3. Given a right G-torsor π : P → X, π∗ is a functor from CG(X) to the category
of G-equivariants objects of C(P ) (see [17], 3.8, for the definition of G-equivariants objects).
On the other hand, as explained in [17], Theorem 4.46, the G-torsor π : P → X defines an
equivalence of categories FP between G-equivariant objects of C(P ) and C(X). The functor Φ
P
of Theorem 3.1 is ΦP = FP ◦ π
∗.
4. Properties of twisting by a torsor
4.1. Moding by a normal subgroup.
Proposition 4.1. Suppose we are given a normal S-sub-group K of G. Denote by Θ :
CG/K(X) → CG(X) the obvious functor. For any G-torsor P over X and any object ξ of
CG/K(X),
ΦP/K(ξ) ≃ ΦP (Θ(ξ)).
Proof. The statement is a consequence of this simple remark: with the notation of the proof
of Theorem 3.1, if gij denotes the cocycle associated to the torsor P and the covering Ui, the
cocycle associated to the G/K-torsor P/K is θ(gij) where θ : G → G/K is the canonical
morphism. 
4.2. Image by a morphism of stacks. Let us consider a functor of S-stacks u : C1 → C2
over the category of S-schemes. Given an object ξ of C1,G(X) one still denotes by u the
morphism u : AutX(ξ) → AutX(u(ξ)). If ϕ : GX → AutX(ξ) is the structural morphism of ξ,
ψ = u◦ϕ : GX → AutX(u(ξ)) is the structural morphism of u(ξ) which is an object of C2,G(X).
Let P → X be a right G-torsor over X. One easily checks the following statement.
Proposition 4.2.
u(ΦP (ξ)) ≃ ΦP (u(ξ))
isomorphic in C2,H(X) where H = AutG(P ).
4.3. Base change. Using notation of section 1, consider a morphism f : X ′ → X of S-schemes.
Let P → X be a right G-torsor, the pull back f⋆P → X ′ is a right G-torsor over X ′.
Proposition 4.3. For any object ξ of CG(X),
Φf
⋆P (f⋆(ξ)) ≃ f⋆(ΦP (ξ))
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Proof. If we are given effective descent data over X, i.e. objects ξi on the opens Ui with
isomorphisms αij : ξi|Uij → ξj |Uij satisfying descent conditions and defining an object ξ on X,
one can pull them by f : X ′ → X and one gets descent data for the objects f⋆ξi on the opens
f−1Ui with isomorphisms f
⋆αij : f
⋆ξi|f−1Uij → f
⋆ξj |f−1Uij which define the object f
∗ξ. In
particular the right G-torsor P is defined by gluing together trivial right G-torsors GUi on the
opens Ui with descent data given by the cocycle gij ∈ G(Uij) (which defines an automorphism
of the trivial right G-torsor GUij by left multiplication by gij). Pulling these data by f one gets
the left multiplication by gij ◦ f over f
−1(Uij). Thus the torsor f
∗P is defined by the cocycle
(gij ◦ f).
Fix a right G-torsor P . Let ξ be an object of CG(X); we will denote g the image of an
element g ∈ G by the structural morphism GX → Aut(ξ). The twisted object Φ
P (ξ) is defined
by descent data provided by the gij ’s acting on the ξUij ’s. On the other hand f
⋆(ΦP (ξ)) is
defined by descent data f∗(g¯ij) on the f
⋆(ξUi) = f
⋆(ξ)f−1(Ui). The fact that GX → Aut(ξ) is a
morphism of sheaves implies that f∗(g¯ij) = gij ◦ f . This proves that f
⋆(ΦP (ξ)) is defined by the
local objects f⋆(ξ)f−1(Ui) with descent data gij ◦ f . This is the definition of Φ
f⋆P (f⋆(ξ)). 
4.4. Classical examples.
(1) One knows that the isomorphism classes of vector bundles of rank n on a scheme X are
parametrized by H1(X,GLn). The pointed set H
1(X,GLn) parametrizes also the GLn-
torsors over X. The correspondence between vector bundles and GLn-torsors can be de-
scribed in terms of twisting by a torsor. In one direction to a vector bundle F of rank n
corresponds the GLn-torsor P = Isom(O
⊕n
X ,F). In the other direction to the GLn-torsor
P corresponds the twisted vector bundle ΦP (O⊕nX ).
(2) Let G → Spec(k) be an affine group scheme over a field k and consider the category
Repk(G) of representations of G on finite dimensional k-vector spaces. It is a neutral
tannakian category with the forgetful functor i. For any k-scheme θ : X → Spec(k) one
may consider the functor θ∗ ◦ i : Repk(G) → Coh(X) with values in the category Coh(X)
of coherent sheaves on X. There is a one to one correspondence between fiber functors
F : Repk(G) → Coh(X) and G-torsors : given a fiber functor F : Repk(G) → Coh(X)
one associates Isom⊗(θ ◦ i, F ) which is a right torsor under the automorphism group of the
forgetful functor which is G; in the other direction to a right G-torsor P → X one associates
the twisted by P of the forgetful functor ΦP (θ◦ i). This correspondence in the case of finite
group schemes G underlies the tannakian construction by Nori of the fundamental group
scheme [15].
(3) When X = Spec(k) one recovers the equivalence of categories between the gerbe of fiber
functors of the category Repk(G) and the gerbe BGk of G-torsors over a k-scheme. More
generally a gerbe G → Spec(k) over field k bound by a k-group scheme G is neutral if
and only if it is equivalent to the category BGk. Indeed if G is neutral and ξ0 is a section
ξ0 : Spec(k) → G, to any section ξ : X → G over a k-scheme X is associated the G-torsor
P = IsomX(ξ0, ξ). In the other direction to any G-torsor P → X corresponds the twisted
section ΦP (ξ0).
(4) In the paragraph 5.3 of ”Cohomologie Galoisienne” ([16]) J.-P. Serre describes the twisting
operation in the category of H-sets, where H is a profinite group. The groups G and
the right G-torsors are groups and torsors in the category of H-sets. This leads to an
interpretation of the cohomology group H1(H,G) in terms of G-torsors in the category of
H-sets, and in the situation of a subgroup G < G1 to an interpretation of the fibers of the
natural map of pointed sets H1(H,G)→ H1(H,G1).
(5) More generally coming back to the general situation of Theorem 3.1, consider a morphism
of S-group schemes u : G → G1. It leads to a map u˜ : H
1(X,G) → H1(X,G1) sending a
G-torsor P to the contracted product P ∧GG1 through u. On the other hand, given a right
G-torsor P , u induces a morphism of group schemes u′ : G′ = AutGP → G
′
1 = AutG1P1
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where P1 = P ∧
G G1, and thus a morphism u˜
′ : H1(X,G′) → H1(X,G′1). The following
diagram is commutative:
H1(X,G)
u˜ // H1(X,G1)
H1(X,G′)
−∧G
′
P
OO
u˜′
// H1(X,G′1)
−∧G
′
1P1
OO
where the vertical maps are bijections. Thus u˜−1(P1) = u˜
−1(u˜(P )) is in one to one corre-
spondence by the left vertical map with the kernel of u˜′, i.e. the set of right G′-torsors Q′
such that Q′ ∧G
′
G′1 is the trivial G
′
1-torsor. In other words the right G-torsors Q and P
have same images by u˜ if and only if the image of Q ∧G
′
P 0 by u˜′ is the trivial torsor.
5. Twisting a G-torsor
Consider the situation of Theorem 3.1 with C being the category of right G torsors and let
R be a right H-torsor over X. The category CH(X) contains the category of (H,G)-bitorsors
over X and if P is an element of CH(X), one may consider the twisted object Φ
R(P ) which is
a right G-torsor over X.
Corollary 5.1. In the situation of Theorem 3.1, for any (H,G)-bitorsor P ,
ΦR(P ) ≃ R ∧H P
as right G-torsors and
IsomG(P,Φ
R(P )) ≃ R
as right H-torsors.
Proof. This is a consequence of points (3) and (1) of Theorem 3.1. 
Corollary 5.2. Let P and Q be right G-torsors.
IsomG(P,Q) ≃ Φ
Q(P 0)
as right AutG(P )-torsors.
Proof. Apply Corollary 5.1 to Q = ΦR(P ) = R∧H P , where H = AutG(P ), which is equivalent
to R ≃ Q ∧G P 0 ≃ ΦQ(P 0). 
Definition 5.3. The object ΦQ(P 0) will be referred as P twisted by Q.
Remark 5.4. In view of Lemma 2.2 considering P twisted by Q resumes to considering Q twisted
by P (they are inverse of each other).
Corollary 5.5. Let Gd be the trivial G-torsor. For any right G-torsor P , P
0 ≃ IsomG(P,Gd).
Proof. This is an immediate consequence of Corollary 5.2 with Q = Gd. 
Consider again a (K,G)-bitorsor Q and a (L,G)-bitorsor P . The aim of what follows is to
give a description is terms of cocycles and descent data of the object ΦQ(P 0) = Q ∧G P 0. The
right G-torsor Q is defined by (gij , vi) where gij ∈ GUij and vi : KUi → GUi ; the right G-torsor P
is defined by (g′ij , v
′
i) where g
′
ij ∈ GUij and v
′
i : LUi → GUi . So the left G-torsor P
0 is defined by
(g′ij
−1, v′i) and as left K-torsor, Q is described by (v
−1
j (gij), v
−1
i ). The formula of the contracted
product gives a description of the left K-torsor Q∧G P 0 : (v−1j (gij)v
−1
j (g
′
ij
−1), v−1i v
′
i). We state
the result :
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Proposition 5.6. Let Q be a (K,G)-bitorsor and P a (L,G)-bitorsor described as right G-
torsors by the cocycles (gij , vi), where gij ∈ GUij and vi : KUi → GUi , and (g
′
ij , v
′
i) where
g′ij ∈ GUij and v
′
i : LUi → GUi. The left K-torsor Φ
Q(P 0) is described by
(v−1j (gijg
′
ij
−1
), v−1i v
′
i).
In terms of descent data P 0 is obtained by gluing the trivial left G-torsors GUi over Uij by
right multiplication by g′ij
−1 : precisely one has isomorphisms of left G-torsors ϕi : P
0
|Ui
→ GUi
making the following diagrams commutative over Uij :
P 0|Uij
ϕi //
ϕj
""❉
❉❉
❉❉
❉❉
❉
GUij
(g′ij
−1)d

GUij
where (g)d denotes the right multiplication by g. On the other hand by definition of the
twisting of a G-object by Q one has isomorphisms ψi : Φ
Q(P 0)|Ui → P
0
|Ui
which get into the
commutative triangles on the Uij ’s :
ΦQ(P 0)|Uij
ψi //
ψj $$■
■■
■■
■■
■■
■
P 0|Uij
gij

P 0|Uij
where the vertical map is the action of gij on P
0
|Uij
.
Finally the following diagrams are commutative over Uij :
ΦQ(P 0)|Uij
ψi //
ψj $$■
■■
■■
■■
■■
■
P 0|Uij
gij

ϕi //
ϕj
!!❈
❈❈
❈❈
❈❈
❈
GUij
(g′ij
−1)d

P 0|Uij
ϕj
""❉
❉❉
❉❉
❉❉
❉
GUij
(gij)g

GUij
.
We have proved the following statement :
Proposition 5.7. Let Q be a (K,G)-bitorsor and P a (L,G)-bitorsor described as right G-
torsors by the cocycles (gij , vi), where gij ∈ GUij and vi : KUi → GUi , and (g
′
ij , v
′
i) where
g′ij ∈ GUij and v
′
i : LUi → GUi . The left K-torsor Φ
Q(P 0) is obtained by gluing the GUi’s over
the Uij ’s by the morphisms
(gij)g ◦ (g
′
ij
−1
)d = (g
′
ij
−1
)d ◦ (gij)g
Remark 5.8. As P 0 is locally trivial, ΦQ(P 0) = Q ∧G P 0 is locally over X isomorphic to Q.
Here is a consequence of Corollary 5.2 :
Corollary 5.9. Let u : U → X be a morphism of S-schemes. The U -scheme u⋆(ΦQ(P 0)) has
a section over U if and only if the torsors u⋆P and u⋆Q are isomorphic over U .
Proof. This follows immediately from Corollary 5.2 and from the base change formulas. 
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In the same way one gets the following.
Corollary 5.10. Let u : U → X be a morphism of S-schemes and Q′ → U be a right G-torsor.
The U -scheme ΦQ
′
(u∗(P 0)) has a section over U if and only if the right torsors u∗P and Q′
are isomorphic over U .
The next property deals with the quotient of G by a normal subgroup.
Proposition 5.11. Let K →֒ G be a normal subgroup do G; suppose we are given a right
G-torsor P1 → X, a right G-torsor P2 → X, a right G/K-torsor R → X inserted in the
commutative diagram with equivariant maps
P1
K
  ❆
❆❆
❆❆
❆❆
❆
G
✵
✵✵
✵✵
✵✵
✵✵
✵✵
✵✵
✵
P2
K
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
G
✍✍
✍✍
✍✍
✍✍
✍✍
✍✍
✍✍
R
G/K

X
.
Suppose we are given a section s : X → IsomG/K,X(R,R) ≃ Φ
R
G/K,X(R
0) (which is a closed im-
mersion). Denoting s(X) ∈ IsomG/K,X(R,R) the corresponding element the following diagram
is cartesian:
Φ
s(X)∗P2
K,R (P
0
1 )
//

s∗ΦP2G,X(P
0
1 )
//

ΦP2G,X(P
0
1 )

R // X s
// ΦRG/K,X(R
0)
This holds in particular for the section s corresponding to s(X) = IdR.
Proof. The diagram can be reformulated in
IsomK,R(P1, s(X)
∗P2) //

s∗IsomG,X(P1, P2) //

IsomG,X(P1, P2)

R // X s
// IsomG/K,X(R,R)
The right square being cartesian one has to check that the large rectangle is cartesian. The
question is local and we may suppose that the torsors are trivial. But IsomK,R(P1, s(X)
∗P2) ≃
Isoms(X),R(P1, P2) where the last term refers to the set of X-isomorphisms from P1 to P2
inducing s(X) on R. 
Given two right G-torsors P and Q over X Proposition 5.2 gives a tool allowing to test for
u : U → X whether u∗P ≃ u∗Q. In the following construction one answers the question to
know, given two morphisms u, v : U → X, whether u∗P ≃ v∗Q.
Consider the right G-torsors P1 = P ×S X → X ×S X and Q1 = X ×S Q→ X ×S X and the
twisted object Q1 ∧
G P 01 .
Proposition 5.12. Let (u, v) : U → X ×S X ; the G-torsors u
∗P and v∗Q are isomorphic if
and only if the fibre at (u, v) of Q1 ∧
G P 01 has a section over U .
Moreover if v : S → X is a section of the structural morphism X → S, (1X×v)
∗(Q1∧
GP 01 ) ≃
(v∗Q×S X)∧
G P 0 (P twisted by the fibre at v of Q). A similar statement holds with (v × 1X).
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Proof. This comes from the cartesian diagrams
u∗P

// P ×S X

U
u×v// X ×S X
and v∗Q

// X ×S Q

U
u×v// X ×S X
and from commutation of base change with twisting operation. The proof of second part of the
statement uses the same tools.

In the particular case where P = Q one recovers the self-twisted cover introduced in [5].
Corollary 5.13. With the above notation u∗P and v∗P are isomorphic if and only if the fibre
at (u, v) of the self-twisted torsor P1 ∧
G P 01 has a section over U .
6. An example of computation: the case of a Galois extension of fields
Consider a Galois extension L of k of group G; then Y = Spec(L) → Spec(k) is a right
G-torsor. The left torsor Y 0 is Y 0 = Spec(L) where L is endowed with the right action of G
given by α ⋆ σ = σ−1.α. Then ΦY (Y 0) = Y ∧G Y 0 = Spec(L ⊗k L)
G where this denotes the
fixed elements of L⊗k L under the diagonal action of G.
Let us explicit this diagonal action. The e´tale k-algebra L⊗k L is isomorphic to L
(G) on the
following way:
α⊗k β → (ασ(β))σ∈G.
Let τ ∈ G; the image of τ(α)⊗kτ(β) under this isomorphism is (τ(α)σ(τ(β))σ∈G = (τ(α(τ
−1στ)(β))))σ∈G.
One deduces that the image of an element (xσ)σ∈G by the diagonal action of τ ∈ G is (yσ)σ∈G
where
yσ = τ(xτ−1στ ).
The fixed elements under the action of G are the tuplets (xσ)σ∈G satisfying
∀σ ∀τ xσ = τ(xτ−1στ ).
Consider the partition G = ∪1≤i≤dCi in conjugation classes and for every i, a representative
σi of Ci and Zi = Z(σi) the centralizer of σi. From the above condition one deduces that
xσi ∈ L
Zi (where LZi denotes the field of fixed elements under Zi). For any other element
σ ∈ Ci of the form σ = θσiθ
−1 (θ is defined up to right multiplication by an element of Zi) we
have xσ = θ(xθ−1σθ) = θ(xσi) ∈ L
Z(σ) = θ(LZi).
From that one deduces the inclusion (L⊗kL)
G ⊂
∏
1≤i≤d L
Zi and, considering the dimensions
over k,
(L⊗k L)
G ≃
∏
1≤i≤d
LZi .
So sections over k of IsomG(L,L) are in one to one correspondence with elements of Z(G). If for
instance G is abelian, all sections of IsomG(L,L) are defined over k and IsomG(L,L)(k) = G.
Finally ΦY (Y 0) = Y ∧G Y 0 = Spec(L⊗k L)
G is a right torsor under the inner form H of G
defined by the torsor Y . Suppose that this torsor Y is defined by a morphism Φ : Gal(k¯/k)→ G,
H can be described by the action of Gal(k¯/k) on its k¯-points i.e. the elements of the abstract
group G by the formula
∀σ ∈ Gal(k¯/k) ∀g ∈ G σ ⋆ g = Φ(σ)gΦ(σ)−1.
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7. Arithmetic torsion
Let us give an affine S-group G. We will call an arithmetic torsor on f : X → S a torsor
coming by pull back by f from a torsor over S. In this section we will consider the particular
case of the twisting of an arithmetic G-torsor by a G-torsor Q → X over X. In other words
Isom(PX , Q) = Φ
Q(P 0X) = Q ∧
G P 0X , where P → S is a G-torsor over S. In this situation, P
0
being locally trivial on S, ΦQ(P 0X) is locally on S isomorphic to Q. We will say that it is a
model of Q.
The following statements are immediate consequences of the properties of the twisting oper-
ation.
Proposition 7.1. Let u : U → X be a S-morphism and s : U → S the composed morphism
s = f ◦ u. The following conditions are equivalent :
(1) u∗Q ≃ s∗P ;
(2) there exists a section U → u∗(ΦQ(P 0X)).
In the case U = Spec(k), where k is a ring, the preceding conditions are equivalent to the
following
(3) ΦQ(P 0X)(k) 6= ∅.
Proof. It is an immediate consequence of Corollary 5.2 and of base change properties. 
One can state consequences of Proposition 7.1 in particular situations.
Proposition 7.2. Let S = Spec(R) where R is an henselian ring whose we will denote the
generic and special points η and s, k the field of fractions of R and κ its residue field. Let
X → S be a smooth S-scheme, G→ S an e´tale group scheme, P → S a right G-torsor, Q→ X
a right GX-torsor. One assumes there exists a special point x : Spec(κ) → X and a κ-rational
point y : Spec(κ)→ ΦQ(P 0X) over x.
Then there exists generalisations x˜ : S → X of x and these x˜ satisfy x˜∗Q ≃ P . In particular
x˜∗ηQ ≃ Pη.
Proof. The existence of generalizations x˜ : S → X of x is due to the fact that X → S is smooth
using Hensel Lemma. On the other hand ΦQ(P 0X) is e´tale over X as PX → X is e´tale and the
section x˜ lifts to a section y˜ : S → ΦQ(P 0X) : indeed the following diagram is cartesian
x∗ΦQ(P 0x )

// x˜∗ΦQ(P 0X)

Spec(κ) s
// S
where the vertical maps are e´tale; the sections of the left vertical map which correspond to κ-
points of ΦQ(P 0X) over x are in one to one correspondence with sections of the right vertical map
which correspond to S-points of ΦQ(P 0X) over x˜ ([14], Chapter 1, section 4, Proposition 4.4).
Finally according to Proposition 7.1 the S-points of ΦQ(P 0X ) over x˜ correspond to isomorphisms
x˜∗Q ≃ P . By restriction to the generic fiber one deduces an isomorphism x˜∗ηQ ≃ Pη . 
Proposition 7.3. Let S = Spec(R) where R is an henselian ring whose we will denote the
generic and special points η and s, k the field of fractions of R and κ its residue field. Let X → S
be a smooth S-scheme, G→ S an affine smooth group scheme, P → S a right G-torsor, Q→ X
a right GX -torsor. One assumes there exists a κ-rational special point y : Spec(κ)→ Φ
Q(P 0X).
Then there exists a S-point x˜ : S → X such that x˜∗Q ≃ P . In particular x˜∗ηQ ≃ Pη.
Proof. The proof is similar to that of preceding Proposition. The scheme ΦQ(P 0X) is smooth
over X and thus over S and Hensel’s Lemma insures the existence of a section y˜ : S → ΦQ(P 0X)
specializing at y. If x˜ : S → X is its image in X, according to Proposition 7.1, x˜∗Q ≃ P . 
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When the residue field κ of R is finite, one may apply Lang Weil estimates for the number of
κ-rational points of a κ-variety ([12]) and apply Propositions 7.2 and 7.3 to insure the existence
of S-points x˜ : S → X such that x˜∗Q ≃ P . In order to do this we will have to check whether the
special fiber of ΦQ(P 0X) has κ-rational geometrically irreducible components, a question that
we will address in section 9.
8. Twisting a ramified cover
A ramified cover F : Y → X is a finite faithfully flat morphism whose restriction to some
dense open U ⊂ X is e´tale. Let S be a scheme, X,Y be S-schemes, G→ S an e´tale goup scheme
and F : Y → X be a S-morphism which is a ramified cover endowed with a compatible action of
GX on Y which makes the restriction of F to U a left G-torsor. Let P → S be a right G-torsor.
According to Theorem 3.1 the twisted object ΦPX (Y ) is well defined. The restriction of ΦPX (Y )
to U is isomophic to ΦPU (Q), where Q→ U is the left G-torsor restriction to U of F : Y → X
and is in particular e´tale. As P is locally trivial for the e´tale topology, F˜ : Y˜ = ΦPX (Y ) → X
is e´tale locally on S isomorphic to Y → X. In particular ΦPX (Y ) → X is finite flat ( [10]
Proposition 2.7.1). So F˜ : ΦPX (Y )→ X is a ramified cover. As a consequence of Corollary 7.1
one gets the following result.
Proposition 8.1. There exists a ramified cover F˜ : Y˜ → X e´tale locally isomorphic on S to
F : Y → X such that for any S-scheme t : T → S there exists a T -point y : T → Y˜ over a point
x ∈ U(T ) if and only if x∗Y ≃ t∗P 0 as GT -left torsors.
In the particular case where S = Spec(k) of a field k one obtains the following consequence :
Corollary 8.2. Let F : Y → X be a ramified cover over k endowed with a compatible action
of GX on Y which makes the restriction of F to the complement of the branch locus of f a
left G-torsor. Let P → Spec(k) be a right G-torsor. Then there exists a model F˜ : Y˜ → X
over k de Fk¯ : Yk¯ → Xk¯ satisfying the following property : for any extension k
′ of k and for
all unramified x ∈ X(k′) the fiber of F at x is isomorphic to the G-torsor P 0k′ if and only if the
fibre at x of F˜ has a k′-rational point. This statement applies in particular to Galois ramified
covers.
Proof. It is a consequence of Corollary 7.1 applied to the G-torsor Q obtained from F : Y → X
by removing the branch locus from X. The model F˜ : Y˜ → X is the unique finite cover of X
whose restriction to the complement of the branch locus of F is isomorphic to ΦPX (Q) (recall
that ΦPX (Q) ≃ (ΦQ
0
(P 0X ))
0). 
Proposition 8.3. Let S = Spec(R) where R is a discrete valuation ring, η and s the generic
and special points, k the field of fractions of R and κ its residue field. Let X → S be a proper
S-scheme which we assume to be normal and connected, G be a constant finite group, P → S
be a right-G-torsor for the e´tale topology, Z → Xη be a Galois ramified cover of group G, with
Z normal. We assume that the normalization F : Y → X of X in Z → Xη is e´tale outside a
closed S-subscheme D 6= X. There exists a model F˜ : Y˜ → X (in the e´tale local sense over S),
such that
(1) if there exists a k-rational point y ∈ Y˜η(k) over an unramified point xη ∈ (X \D)(k) the
fiber at xη of Z → Xη is isomorphic to the G-torsor P
0
η .
(2) if moreover the unique extension x ∈ X(R) of xη doesn’t meet D, x
∗Y ≃ P 0.
(3) one supposes here that R henselian and that X is smooth over S ; if Y˜s has a κ-rational point
v ∈ Y˜s(κ) over a point u ∈ Xs(κ) not belonging to D, there exists a section x ∈ (X \D)(R)
extending u such that x∗Y ≃ P 0.
Proof. As a consequence of the hypotheses the generic fiber of Y → X is isomorphic to Z → Xη.
The action of G on Z extends in an action of G on Y due to the normality of Y . Denote
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U = X \D, Q = F−1(U), by hypothesis Q→ U is e´tale. As U is normal, the same is true for Q
([10], Corollaire 6.5.4). The same arguments show that Q×X\DQ and Q×SG are normal. From
that it follows that the isomorphism f : Qη×kG ≃ Qη×Xη\DηQη and its inverse g = f
−1 extend
in morphisms f¯ : Q×SG→ Q×X\DQ and g¯ : Q×X\DQ→ Q×SG over U and the restrictions
of g¯ ◦ f¯ and f¯ ◦ g¯ to the generic fibers are the identity. Then f¯ and g¯ are isomorphisms inverses
from eachother and Q→ U is a G-torsor.
One can consider the twisted object ΦPU (Q) → U which is locally isomorphic to Q → U
for the e´tale topology and thus e´tale. Moreover ΦPU (Q) → U is the restriction to U of Y˜ =
ΦPX (Y )→ X.
(1) the point y ∈ Y˜η(k) belongs to Φ
PU (Q)(k) over xη ∈ U(k). The conclusion follows from
7.1.
(2) the restriction to U of Y˜ → X is finite e´tale and the unique section x˜ ∈ U(R) lifts
to a section y˜ ∈ Y˜ (R) and belongs in fact to ΦPU (Q)(R). The conclusion follows from
Proposition 7.1.
(3) As U → S and ΦPU (Q) → S are smooth the point v ∈ Y˜s(κ) extends in a section y ∈
ΦPU (Q)(R) over a section x ∈ U(R) which satisfy according to Proposition 7.1 x∗Q ≃
x∗Y ≃ P 0.

An example of situation where Proposition 8.3 apply is given by the following statement.
Corollary 8.4. Let S = Spec(R) where R complete discrete valuation ring, η and s the generic
and special points, k the field of fractions of R and κ its residue field. Let X → S be a smooth
proper relative curve over S, G a finite constant group, P → S a right G-torsor for the e´tale
topology, Z → Xη a Galois ramified cover of group G. One assumes that the normalization
F : Y → X of X in Z → Xη has no vertical ramification. Then conclusions of Proposition 8.3
hold.
Proof. Under these hypotheses the morphism F : Y → X is flat and defines a ramified cover
along a divisor D whose components are the closure in X of the branch points of the cover
Z → Xη. One can apply Proposition 8.3. 
Remark 8.5. When the center Z(G) of G is trivial, it follows from [2], Propsition 2.3 that if the
residue characteristic doesn’t divide the order of G and the distinct branch points don’t meet
on the special fiber, the cover F : Y → X has no vertical ramification. One may apply 8.4 in
this situation.
Let us end this section by a statement which illustrates how Lang-Weil’s estimates (in this
instance Riemann hypothesis in function fields) can be used in this context.
Proposition 8.6. Let R be a henselian discrete valuation ring with finite residue field κ and
with fraction field k, X → S = Spec(R) be a smooth proper R-curve with H0(X,OX ) = R,
f : Y → X a ramified cover with no vertical ramification (finite e´tale over some open U ⊂ X
which surjects onto S), G → S an e´tale finite group scheme acting on Y over X such that the
restriction Q→ U of f to U is a left G-torsor. Assume Y → S to be smooth and H0(Y,OY ) = R.
Then there exists a constant C > 0 depending on the degree d of the cover f , the genus g of
the fibers of Y → S and the number r of the branch points, such that for any finite integral ring
extension R ⊂ R′ of residue field κ′, with [κ′ : κ] ≥ C and any right G-torsor P → Spec(R′),
there exists unramified R′-points x : Spec(R′)→ X such that x∗Y ≃ P 0 as left G-torsors.
Proof. It follows from the hypothesis that Y → S has smooth and geometrically connected fibers
and thus geometrically irreducible fibers. As Y˜ = ΦPX (Y ) → S is e´tale locally isomorphic to
Y → S, Y˜ → S has geometrically irreducible fibers. In particular the special fiber Y˜s → Xs is a
smooth ramified cover with less than rd ramification points and Y˜s is geometrically irreducible.
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For any finite extension of the residue field κ ⊂ κ′, the number Nκ′ of κ
′-points on Y˜s satisfies
the inequality
|Nκ′ − (|κ
′|+ 1)| ≤ 2g
√
|κ′|.
So for |κ′| large enough (depending on g, r, d) Nκ′ > rd, and there exists unramified points
κ′-points v on Y˜s. Let U be the complement of the branch locus and Q = f
−1(U); then Q→ U
is a left G-torsor and v extends in a R′-point y : Spec(R′) → ΦPUQ for any discrete valuation
ring extension R′ of residue field κ′. Let x : Spec(R′)→ U ⊂ X the image of y. As in point (3)
of Proposition 8.3, x∗Y ≃ P 0. 
9. Specialization of a cover
Let k a field and X → Spec(k) a proper k-sheme. Let F : Y → X be a ramified cover and
U ⊂ X be a dense open subscheme such that the restriction Q = F−1(U) → U of F above
U is finite e´tale. We assume X to be geometrically normal and geometrically connected and
Y geometrically normal (geometrically normal resumes to normal if the base field is perfect,
see [1], Lemma 10.151.1 ). The open subscheme U is obviously geometrically normal. On the
other hand, as for any field extension k ⊂ k′, Xk′ is the normalization of itself in Uk′ →֒ Xk′ ,
U is also geometrically connected. As F is faithfully flat, it is open, and Q is a dense open
subscheme of Y . This is true for any base field extension, and thus if Q is geometrically
connected, Y is geometrically connected. On the other hand, for any field extension k ⊂ k′,
Yk′ is the normalization of Xk′ in Qk′ → Xk′ , and thus, if Y is geometrically connected, Q is
geometrically connected.
Describing finite e´tale covers of U in terms of morphisms π1(U, x¯) → Sd, one sees that Q is
geometrically connected if and only if there isn’t a non trivial finite field extension k →֒ L such
that Q → U factors through Q → UL → U . In particular if Q is not geometrically connectedl
Q(k) = ∅
In the case F : Y → X is Galois of group G, then FU : Q = F
−1(U) → U is a left G-torsor
under the constant group G. The above remarks can easily be formulated in terms of morphisms
of e´tale fundamental groups. The e´tale cover Q → U is described by a surjective morphism
Φ : π1(U, x¯) → G (where x¯ refers to a geometric point of U). This morphism Φ inserts in the
following commutative diagram where the vertical maps are surjective
1 // π1(Uk¯, x¯)
//
ϕ

π1(U, x¯)
u //
Φ

Gal(k¯/k) //

1
1 // G¯ // G
v // Gal(L/k) // 1
(9.1)
where L is the scalar extension in the covering. This means that the e´tale cover Q→ U factors
through Q → UL → U . The condition L = k (or equivalently G¯ = G) is equivalent to the
condition that Q is geometrically connected or equivalently that Y is geometrically connected.
We conclude that a necessary condition for Q to have a k-rational point is that Q is geometrically
connected.
Coming back to the problem to know, given a left G-torsor P = Spec(K)→ Spec(k) (where
K is a finite e´tale k-algebra), whether the specialization of Q → X at some rational point
x ∈ U(k) is isomorphic to P → Spec(k), Proposition 8.1 gives an answer in terms of k-rational
unramified point in Y˜ . In what follows we won’t assume Y to be geometrically connected. To
apply Proposition 8.1 one has to be able to describe the connected components of Y˜ and to
check whether they are geometrically connected. This the aim of this more technical section.
In what follows we will assume that the following condition is satisfied :
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(⋆) the quotient of the left G-torsor P = Spec(K) → Spec(k) by G¯ is isomorphic to the
G/G¯-left torsor Spec(L)→ Spec(k)
It is an obvious necessary condition for Q→ X to having a rational specialization isomorphic
to P → Spec(k). Suppose that P → Spec(k) is described by the morphism Ψ : Gal(k¯/k) → G
whose kernel Gal(k¯/N) defines a Galois extension N of k. If H = Gal(N/k) one may suppose
L ⊂ N , L = N G¯∩H and G¯H = G.
We have seen that a necessary and sufficient condition for the problem to have an affirmative
answer is that Q0 ∧G PU has a k-rational point y; if x ∈ X(k) is the image of y, the fiber of Q
at x will be isomorphic to P . We are in the situation of Proposition 5.11: the G-torsors Q and
PU have a common quotient RU . The twisted object R
0 ∧G/G¯ R = IsomG/G¯(R,R) is a trivial
torsor whose sections over k are in one to one correspondence with Z(G/G¯). It follows that if
X has k-rational points (otherwise the question is empty) the sections X → IsomG/G¯(RX , RX)
are themselves in one to one correspondence with Z(G/G¯). Let s be such a section. Let us
recall the diagram
s∗IsomG(Q,PU ) //

IsomG(Q,PU )

X
s
00❩ ❭ ❪ ❴ IsomG/G¯(RU , RU )
oo
(9.2)
and if one pulls it at the rational point x ∈ U(k) one gets
x∗(s)∗IsomG(x
∗Q,P ) //

IsomG(x
∗Q,P )

Spec(k)
x∗(s)
00❭ ❪ ❴ ❛ IsomG/G¯(R,R)
oo
(9.3)
The sections Spec(k) → IsomG(x
∗Q,P ) induce sections x∗(s) : Spec(k) → IsomG/G¯(R,R)
for some s corresponding to some element of Z(G/G¯) and for a given s are in one to one
correspondence with sections Spec(k)→ x∗(s)∗IsomG(x
∗Q,P ), in other words k-rational points
of s∗IsomG(Q,PU ) above x. We state the result:
Proposition 9.1. Assume that condition (⋆) is fulfilled. With the preceding notation let
{sγ}γ∈Z(G/G¯) be the set of sections Spec(k) → IsomG(R,R). Then for all γ ∈ Z(G/G¯),
s∗γ(Q ∧
G P 0U ) is geometrically connected. Moreover there exists a unramified rational point
x ∈ X(k) such that the fiber at x of Y is isomorphic to the G-torsor P if and only if there exists
γ ∈ Z(G/G¯) such that s∗γ(Q ∧
G P 0U )(k) 6= ∅.
Proof. The only thing to prove is that the s∗γ(Q ∧
G P 0X)’s are geometrically connected. Recall
the cartesian diagram of Proposition 5.11.
IsomG¯,XL(Q, (1X × γ)
∗PX) //

s∗ IsomG(Q,PX ) //

IsomG(Q,PX)

XL // X
sγ
00❩ ❭ ❪ ❴ IsomG/G¯(XL,XL)
oo
(9.4)
But (1X × γ)
∗PX ≃ (γ
∗P )X where γ
∗P → Spec(L) is a G¯-torsor. And IsomG¯,XL(Q, (1X ×
γ)∗PX) ≃ Q ∧
G¯ (γ∗P )0XL is isomorphic over Xk¯ to Q ×L k¯ which is connected as L is the
extension of scalars contained in Q.

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Remark 9.2. Instead of sections over k one can more generally consider sections over a finite
extension of k. For instance if one works over L, sections Spec(L)→ IsomG(R,R) are in one to
one correspondence with G/G¯ (the inner form of G/G¯ induced by the torsor R = Spec(L) →
Spec(k) split over L and is thus isomorphic toG/G¯). Thus over L, IsomG(QL, PXL) = QL∧
GP 0XL
is a disjoint union of the open closed s∗γIsomG(QL, PXL) with γ running in G/G¯. The situation
reduces to that of the regular G-cover QL → XL.
When k is a pseudo algebraically closed field (abbreviated by PAC) the conclusion of Propo-
sition 9.1 always holds. Recall that a field k is a PAC field if every geometrically irreducible
variety defined over k has k-rational points (see [11]). As in Proposition 9.1 the components
s∗γ(Q ∧
G P 0U ) are geometrically irreducible, one gets the following corollary.
Corollary 9.3. Assume that condition (⋆) is fulfilled. Then if k is a PAC field there are
infinitely many unramified rational points x ∈ X(k) such that the fiber at x of Q is isomorphic
to the G-torsor P .
One can generalize Proposition 9.1 to the situation of schemes over a discrete valuation ring
instead of a field. To avoid confusion in the notation, let us call A this discrete valuation ring;
we denote as usually k its field of fractions and κ is residue field. Let X → Spec(A) be a
faithfully flat and proper A-scheme that we will assume to be integral and normal. Let Z → Xη
be a Galois ramified cover of the generic fiber of Galois group G and geometric Galois group
G¯ < G. Let us assume that the normalized f : Y → X of X in Z is flat 1. Assume also that
f : Y → X has no vertical ramification (this means that its restriction to the special fiber is a
ramified cover). Let Spec(L)→ Spec(k) be the extension of scalars in the Galois cover Z → Xη
(L is a Galois extension of k of group G/G¯) and AL the integral closure of A in L that we
assume e´tale over A. We suppose that there exists an AL-point x : Spec(AL) → XAL . Let
P → Spec(A) be an e´tale G-torsor such that the generic fiber Pη → Spec(k) factors through
Pη → Spec(L)→ Spec(k). We are in the situation of Proposition 5.11.
Proposition 9.4. Under these hypothesis
(1) R = Spec(AL) → Spec(A) is an e´tale G/G¯-torsor and there are factorizations P →
Spec(AL)→ Spec(A) and Y → XAL → X;
(2) IsomG/G¯(XAL ,XAL) = IsomG/G¯(R,R) = H
0(Spec(A), IsomG/G¯(R,R)) ≃ IsomG/G¯(Rη , Rη) ≃
Z(G/G¯);
(3) for all γ ∈ Z(G/G¯), if we denote by sγ ∈ IsomG/G¯(XAL ,XAL) = Φ
R0
X (RX) the correspond-
ing element, s∗γ(Φ
P 0
X (Y )) has geometrically connected fibers.
Proof. The first assertion comes from the normality of P and Y . In the second assertion the
first equality comes from the existence of a point Spec(AL) → X. Other equalities are clear.
As L is the constant field extension in fη : Yη → Xη, one gets H
0(Yη,OYη ) = L. On the other
hand H0(Yη,OYη ) ≃ H
0(Y,OY ) ⊗A k (cf. [13], section 5, Ex. 1.16, p. 174). As H
0(Y,OY ) has
no A–torsion, so AL ⊂ H
0(Y,OY ) ⊂ H
0(Y,OY )⊗A k = L and as H
0(Y,OY ) is a finite A-algebra
by Serre’s theorem, it is the integral closure of A in L: H0(Y,OY ) = AL. It follows from this
fact that Y → XAL has geometrically connected fibers. As in the proof of Proposition 9.1 one
uses Proposition 5.11 to show that s∗γ(Φ
P 0X (Y )) → X is e´tale locally over Spec(A) isomorphic
to Y → Spec(AL) and thus has geometrically connected fibers. 
In the situation of Proposition 9.4, let us give an example of application of the Lang-Weil
estimates.
1This will be always the case for a regular scheme X of relative dimension 1 .
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Proposition 9.5. Under the hypothesis of Proposition 9.4, assume moreover that X and Y are
smooth relative curves over Spec(A) and that A is henselian with finite residue field κ. There
is a constant C > 0 depending on the degree of the covering Y → X, the genus of the fibers of
Y and the number of branch points, such that for any discrete valuation ring extension A′ of
A whose residue field κ′ satisfies [κ′ : κ] ≥ C there are unramified A′-points x : Spec(A′) → X
such that x∗Y ≃ PA′ as left G-torsors.
Proof. The proof is similar to the proof of Proposition 8.6 taking advantage of the fact that
Y → X is smooth and A is henselian. One uses Lang-Weil estimates [12] to insure the existence
of κ′-unramified points on the special fiber of s∗γ(Φ
P 0X (Y )) for [κ′ : κ] large enough. 
The viewpoint of [6] is different : for a Galois extension N of k the authors ask if there
are specializations of the e´tale covering Q of U at unramified points x ∈ X(k) isomorphic to
a disjoint union of (G : H) copies de N forgetting the action of G. So they have to consider
all G-torsors over Spec(k) associated to injective morphisms H →֒ G whose composition with
the canonical surjection G → G/G¯ is surjective. One is lead to look for k-rational points on
a family of schemes indexed by embedding H →֒ G whose composition with the canonical
surjection G→ G/G¯ is surjective. Each of these schemes is the twisted object Q∧P 0X where P
runs among the above mentioned G-torsors. The answer to the question can be formulated as
follows.
Proposition 9.6. Let N be a Galois extension of k of group N . Consider the set J of embed-
dings j : H →֒ G whose composition with the canonical surjection G/G¯ is surjective, modulo
automorphisms of G fixing H. For each j ∈ J denote by Kj the finite e´tale k-algebra such that
Pj = Spec(Kj)→ Spec(k) is the G-torsor contacted product of the H-torsor Spec(N)→ Spec(k)
with the embedding j : H →֒ G. The following conditions are equivalent :
(1) There exists x ∈ X(k) such that the fiber at x of Q is isomorphic to a disjoint union of
(G : H)-copies of Spec(N)→ Spec(k).
(2) There exists j ∈ J such that (Q ∧G P 0j,X)(k) 6= ∅.
(3) There exists j ∈ J and γ ∈ Z(G/G¯) such that s∗γ(Q ∧
G P 0j,X)(k) 6= ∅.
In [6], section 3.2 the authors consider more generally the case of non necessarily Galois
covers. Let F : Y → X be a connected ramified cover of degree n e´tale above a connected
dense open U ⊂ X, Φ : π1(U, x¯) → Sn the corresponding morphism, G < Sn the image of
Φ, Z → F−1(U) → U the Galois closure of F−1(U) → U , corresponding to the surjective
morphism φ : π1(U, x¯) → G and Q → U the associated Sn-torsor which is the contracted
product of Z by Sn via the inclusion G < Sn. Let L be the extension of scalars in Z → U . We
are also given an extension of e´tale k-algebras N ′ of k of degree n corresponding to a morphism
Ψ : Gal(k¯/k)→ Sn and let H be the image de Ψ which is the Galois group of the Galois closure
N of N ′ over k (which can be viewed as the compositum in k¯ of the Galois closures of the
components of N ′). We call P → Spec(k) the Sn-torsor associated to the morphism Ψ. The
Sn-torsor Q is the contracted product Z ∧
G
Sn and splits in (Sn : G) connected components
isomorphic to Z. In the same way the Sn-torsor P is the contracted product Spec(N) ∧
H
Sn
and has (Sn : H) connected components isomorphic to Spec(N).
The Sn-torsor Q → U restriction to U of Y → X has the following description, x being a
k-rational point of U and sx the corresponding section, defined up to conjugation by an element
of π1(Uk¯, x¯) :
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1 // π1(Uk¯, x¯)
//
ϕ

π1(U, x¯) u
//
φ

Gal(k¯/k)
sxqq ❴ //
Λ

1
1 // G¯ // G v
//
ν

G/G¯ // 1
Sn
(9.5)
where v ◦ φ ◦ sx = Λ. The fiber of Q at x is described by
Gal(k¯/k)
sx // π1(U, x¯)
φ // G
ν // Sn (9.6)
We write Φ = ν ◦φ and Φx = ν ◦φ ◦ sx. On the other hand the Sn-torsor P has the following
description :
Gal(k¯/k)
ψ // H
µ // Sn (9.7)
Let us denote Ψ = µ◦ψ. The specialization of Y → X at x is isomorphic to Spec(N ′)→ Spec(k)
if and only if up to conjugation by an element of Sn, ν ◦ φ ◦ sx = µ ◦ ψ. Identifying H and G
with their images in Sn this implies the existence of an embedding η : H →֒ G such that
ν ◦ η = µ and η ◦ ψ = φ ◦ sx.
Conversely suppose that there is an embedding η : H →֒ G such that ν ◦ η = µ and such that
the G-torsor P ′ = Spec(N) ∧H G→ Spec(k) through the embedding η : H →֒ G is isomorphic
to the G-torsor x∗Z described by the morphism φ◦sx : Gal(k¯/k)→ G. There exists an element
ω ∈ G such that
∀γ ∈ Gal(k¯/k) ω(φ ◦ sx(γ))ω
−1 = η ◦ ψ(γ)
which implies
∀γ ∈ Gal(k¯/k) ν(ω)(ν ◦ φ ◦ sx(γ))ν(ω)
−1 = ν ◦ η ◦ ψ(γ) = µ ◦ ψ(γ)
and thus up to conjugation by an element of Sn, ν ◦ φ ◦ sx = µ ◦ ψ which means that the
specialization of Y → X at x is isomorphic as cover to N ′.
One can consider the twisted object Z ∧G P ′U
0 and the existence of k-rationals points on this
k-scheme over a point x ∈ X(k)
is equivalent to the existence of an isomorphism of G-torsors x∗Z ≃ P ′. One gets the following
statement which is a reformulation of the ”Twisting Lemma” 3.4 of [6]:
Proposition 9.7. With the preceding notation the finite e´tale k-schemes x∗Y → Spec(k) and
Spec(N ′) → Spec(k) are isomorphic if and only if there exists an embedding η : H →֒ G such
that
(1) ν ◦ η = µ ;
(2) the fiber at x of Z ∧G P ′U
0 has a k-rational point where P ′ = Spec(N) ∧H G → Spec(k)
through the embedding η : H →֒ G.
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